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Abstract 

A limiting diagram for the Segre classification in 5-dimensional space-times is ob- 
tained, extending a recent work on limits of the energy-momentum tensor in general 
^vO relativity. Some of Geroch's results on limits of space-times in general relativity are 

also extended to the context of five-dimensional Kaluza-Klein space-times. 
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1 Introduction 



In general relativity, it is well known that the curvature tensor can be uniquely decomposed 

X, 

into three irreducible parts, namely the Weyl tensor, the traceless Ricci tensor and the 
Ricci scalar. Petrov and others [^l], [l^, |2(| have discussed the algebraic classification of the 
Weyl part, which is known nowadays as Petrov classification. The algebraic classification of 
the Ricci part, known as the Segre classification, has been discussed by several authors 

under different viewpoints, and is important, for example, in the characterization of matter 
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distributions JF|, ^2], , as part of the procedure for checking local equivalence of space- 
times @, [H| [L4|, [TT], 0, 0, and in the study of limits of non- vacuum solutions of Einstein's 



field equations |L7|, [T^, jig] . 

In 1969, Geroch 0] discussed some basic properties of limits of space-times in general 
relativity (GR). Regarding the algebraic types of the Weyl tensor he showed that the Penrose 



specialization diagram |19| for the Petrov classification is also a limiting diagram, that is 
to say, under limiting processes only space-times with the same Petrov type or one of its 
Penrose specializations can be reached. 



In a recent work Paiva et al. [|n| have investigated the relations among the Segre types 
of the Ricci tensor under limiting processes in the framework of general relativity. They 
have obtained a limiting diagram for the Segre classification of symmetric two-tensors in 
GR. Among the relevant consequences of their limiting scheme it is worth mentioning that 
it permits an extension of the coordinate-free approach to limits recently devised [lTj (see 
also @). 



An essential result for the present article came out in a recent paper by Santos et al. [p5 
(see also Hall et al. ||), where they have performed the Segre classification of second order 
symmetric tensors on five- dimensional (5-D for short) Lorentzian spaces. 

In the present paper we build a limiting diagram for the Segre types in five-dimensional 
space-times, generalizing previous work on this matter |TB[. We also extend some of Geroch's 
results on limits of space-times in general relativity to the context of 5-D Kaluza-Klein-type 



theories. Although Paiva et al. [17j coordinate-free procedure for finding out limits of space- 
times in GR has not yet been extended to 5-D space-times, the limiting diagram studied in 
the present work will certainly be relevant to any approach to possible limits of space-times 
in five dimensions. 

Throughout this paper we shall use the concept of limit of a space-time introduced in 
reference ]17| (see also [||, ^6|), wherein by a limit of a space-time, broadly speaking, we 
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mean a limit of a family of space-times when some free essential parameters are taken to a 
limit. So, for example, in the one-parameter family of Schwarzschild solutions each member 
is a Schwarzschild space-time with a specific value for the mass parameter m. By space-time 
we understand a real differential manifold with a metric of Lorentzian signature together 
with the attendant mathematical structures usually required in physics 0. Finally we note 
that although the Ricci tensor is constantly referred to, the results of the following sections 
apply to any second order real symmetric tensor defined on 5-dimensional Lorentzian spaces. 

In the next section we present a brief summary of the main results on Segre classification 
in 5-D and discuss the minimal and characteristic polynomial types corresponding to the 
Segre types in 5-D space-times. These results are required for section ||, where we build a 
limiting diagram for the Segre type in 5-D. In the last section we discuss our main results 
and their extensions. 

2 Segre Types in 5-D 

The algebraic classification of the Ricci tensor in 5-D space-times can be cast in terms of 
the eigenvalue problem 

(R\-X5 a b )V b =0, (2.1) 

where A is a scalar, V b is a vector and the mixed Ricci tensor R a b is looked upon as a linear 
operator R : T p (M) — ► T P (M). Here and in what follows M is a real 5-dimensional space- 
time manifold locally endowed with a Lorentzian metric of signature (H ), T p (M) 

denotes the tangent space to M at a point p G M and latin indices range from to 4, unless 
otherwise stated. Although the matrix R a b is real, the eigenvalues A and the eigenvectors 
V b are often complex. A mathematical procedure used to classify matrices in such a case 
is to reduce them through similarity transformations to canonical forms over the complex 
field. Among the existing canonical forms the Jordan canonical form (JCF) turns out to be 
the most appropriate for a classification of R a b in 5-D [p5|| . In the Jordan canonical form, a 
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matrix consists of Jordan blocks along the main diagonal. A Jordan block is, for example, a 
matrix of form 

Ai 1 
Ai 1 
Ai 1 
A x 

where the equal elements along the main diagonal are the eigenvalue associated to the Jordan 
block. It is well known that the Jordan canonical form is uniquely defined up to the ordering 
of the Jordan blocks. 

In the Jordan classification two square matrices are said to be equivalent if similarity 
transformations exist such that they can be brought to the same JCF. The JCF of a matrix 
gives explicitly its eigenvalues and makes apparent the dimensions of the Jordan blocks. 
However, for many purposes a somehow coarser classification of a matrix is sufficient. In the 
Segre classification, for example, the value of the roots of the characteristic equation is not 
relevant — only dimension of the Jordan blocks and degeneracy of eigenvalues matter. The 
Segre type is a list \n\n 2 ■ ■ -n r ] of the dimensions of the Jordan blocks. Equal eigenvalues 
in distinct blocks are indicated by enclosing the corresponding digits inside round brackets. 
Thus, for example, in the degenerated Segre type [(31)1] four out of the five eigenvalues 
are equal; there are three linearly independent eigenvectors, two of which are associated to 
the Jordan blocks of dimensions 3 and 1, whereas the last one corresponds to the block of 
dimension 1. 

In classifying symmetric tensors in a Lorentzian space-time two refinements to the usual 
Segre notation are often used. Instead of a digit to denote the dimension of a block with 
complex eigenvalue a letter is used, and the digit corresponding to a timelike eigenvector is 
separated from the others by a comma. 

As far as 5-D space-times are concerned, due to the Lorentz signature, the real eigenvec- 



(2.2) 
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tors of R a b may be space-like, null or time-like. For these space-times, it can be shown P5fl 
that some Segre types (as, for example, Segre types [5], [41], [32] and [221]) are not allowed 
because of the Lorentzian signature of the metric and the symmetry of R a b- One also learns 



from Santos et al. |25| that the possible Segre types of R a b in 5-D Lorentz spaces are: 



1. [1,1111] and its degeneracies [1,11(11)], [(1,1)111], [1,(11)(11)], [(1,1) (11) 1], [1,1(111)], 
[(1,11)11], [(1,1)(1H)], [(1,H)(11)], [1,(11H)], [(1,1H)1] and [(1,1111)]. Type 
[(1,1111)] implies that R a b is proportional to the metric g ab , it is usually referred to as 
Segre 0. 

2. [2111] and its specializations [21(H)], [(21)11], [(21)(11)], [2(111)], [(211)1] and 
[(2111)]. The first digit corresponds to a null eigenvector while the others are as- 
sociated to space-like eigenvectors. 

3. [311] and its degeneracies [3(H)], [(31)1] and [(311)]. Here again the first digit 
corresponds to a null eigenvector while the others correspond to space-like eigenvectors. 

4. [zzlll] and its degeneracies [zz(ll)l] and [zz(lll)]. Here z and z correspond to com- 
plex conjugate eigenvectors with complex conjugate eigenvalues. The digits correspond 
to space-like eigenvectors with real eigenvalues. 

We shall now discuss the characteristic and minimal polynomials in connection with Segre 
types and build a table, which will be important in the derivation of the limiting diagram 
for the Segre classification of the next section. 

Associated to the eigenvalue problem ( |2.1| ) one has the determinant 



\R\-\8 a b \, (2.3) 

which is a polynomial of degree five in A, called the characteristic polynomial of R a b . The 
fundamental theorem of algebra [0 ensures that, over the complex field, it can be always 
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factorized as 

(A - Xi) dl (A - \ 2 ) d2 ■■■ (X-X r ) dr , (2.4) 

where Aj (i = 1, 2, • • • , r) are the distinct roots of the polynomial (eigenvalues), and d{ the 
corresponding degeneracies. To indicate the characteristic polynomial we shall introduce a 
new list \d\ d 2 ■ ■ ■ d r } of eigenvalues degeneracies, hereafter referred to as the type of the 
characteristic polynomial. 

The minimal polynomial can be introduced as follows. Let P be a monic matrix polyno- 
mial of degree n in R a b , i.e., 

P = R n + c n _x FT' 1 + c n _ 2 R n ~ 2 + ■■■ + Cl R + c 5, (2.5) 

where 5 is the identity matrix and c n are, in general, complex numbers. The polynomial P 
is said to be the minimal polynomial of R if it is the polynomial of lowest degree in R such 
that P = 0. It can be shown |27] that the minimal (monic) polynomial is unique and can be 
factorized as 

{R - Ai5) mi (R - X 2 S) m2 ■■■ ,{R- X r 5) mr , (2.6) 

where m ; is the dimension of the Jordan block of highest dimension for each eigenvalue 
Ax, A2, ■ ■ • , A r , respectively. We shall denote the minimal polynomial through a third list 
1 1 mi m-2 • ■ ■ m r ||, hereafter referred to as the type of the minimal polynomial. 

We can work out now the characteristic and minimal polynomials for each Segre type 
in 5-D. The power di of the term corresponding to each eigenvalue Aj in the characteristic 
polynomial is the sum of the dimensions of the Jordan blocks with the same eigenvalue Aj, 
whereas in the minimal polynomial the power m» is the dimension of the Jordan block of 
highest dimension with that eigenvalue. Thus, for example, the Segre types [(1,111)1], [(31)1] 
and [(211)1] have the same type for the characteristic polynomial, namely type {41}, while 
their corresponding minimal polynomials are, respectively, of types ||11||, ||31|| and ||21||. 
On the other hand, the Segre types [3(H)] and [(31)1] have the type ||31|| for the minimal 
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Table 1: Characteristic (columns - CP) and minimal (rows - MP) polynomial types corre- 
sponding to the Segre types of R a b in 5-D Lorentzian spaces. 

polynomial, while the associated characteristic polynomials are, respectively, of types {32} 
and {41}. We also remark that the Segre types [2(111)] and [(21) (11)] have the same type 
for both polynomials, namely {32} and ||21||. 

Table p] collects together the characteristic (columns - CP) and minimal polynomial (rows 
- MP) types corresponding to the possible Segre types of a symmetric two-tensor in 5-D 
Lorentzian spaces. It should be noticed that the characteristic polynomial for the complex 
Segre types [22 111], [zzl(ll)] and [zz(lll)] have been denoted, respectively, by {zHll}, 
{21zz} and {3zz}. 

3 Limiting Diagram for Segre Types in 5-D 

In the study of limits of space-times it is worth noticing that there are some properties 
that are inherited by all limits of a family of space-times [Q. These properties are called 
hereditary. Thus, for example, a hereditary property devised by Geroch can be stated as 
follows: 
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Hereditary property: (3.1) 
Let T be a tensor or scalar field built from the metric and 
its derivatives. If T is zero for all members of a family of 
space-times, it is zero for all limits of this family. 

Two corollaries of this property are that limits of conformally flat space-times are con- 
formally flat, and that limits of Ricci flat space-times are also vacuum solutions in GR. 

In general, the algebraic type of the Weyl tensor is not a hereditary property under 
limiting processes. Nevertheless, to be at least as specialized as the types in the Penrose 
specialization diagram for the Petrov classification is Q. 

Similarly, although the Segre type of the Ricci tensor is not in general preserved under 
limiting processes, there exits a limiting diagram for the Segre types in GR, which has been 



recently discussed [16]. 

In this section, we shall discuss limiting diagrams for both the characteristic and minimal 
polynomial types, and combine them to determine a limiting diagram for the Segre types of 
R a b in 5-D Lorentzian spaces. 

Clearly the characteristic ( [2.3| ) and the minimal fl2.6|) polynomials of R a b as well as the 
eigenvalues are built from the metric and its derivatives fl6|| . Since they are either scalars 
or tensors built from the metric and its derivatives (hereafter referred to as Geroch scalars 
and Geroch tensors), the hereditary property (|3.1| ) can be applied to them. 

A limiting diagram for the types of a five degree characteristic polynomial corresponding 
to the eigenvalue problem ( |2.1| ) can now be constructed. We first note that as at each degen- 
eracy one Geroch scalar (the difference between two roots of the characteristic polynomial) 
vanishes, by the hereditary property ( |3.1|) , under a limiting process, the degeneracy of the 
characteristic polynomial either increases or remains the same. Besides, the real and imagi- 
nary parts of complex roots are also Geroch scalars. Therefore, Segre types with real roots 



S 



cannot have as a limit a Segre type with a complex root. Further, since complex roots can 
occur only in complex conjugate pairs, under a limiting process they either remain complex 
or become a pair of degenerate real roots. These results can be collected together in the lim- 
iting diagram for the characteristic polynomial shown in figure |l} For the sake of simplicity, 
in the limiting diagrams in this paper, we do not draw arrows between types whenever a 
compound limit exists. Thus, in figure [I], e.g., the limits {11111} — > {2111} — ► {311} — > {32} 
imply that the limit {11111} — > {32} is allowed. 

A limiting diagram for the types of a five degree minimal polynomial of the Ricci tensor 
can be constructed as follows. According to the hereditary property ( |3.1|) , the minimal 
polynomial of a family of space-times is zero for all limits of this family. Therefore, under 
limiting processes the degree of the minimal polynomial either decreases or remains the same. 
Besides, from the limiting diagram for the characteristic polynomial in figure |I| we notice that 
also the number r of distinct eigenvalues either decreases or remains the same. Taking into 
account these properties we can work out the limiting diagram for the minimal polynomial 
shown in figure [|, where the columns correspond to the same degree mi+m 2 + • • • +m r of the 
minimal polynomial, and the rows correspond to the same number r of distinct eigenvalues. 
It should be noticed that although we could also have distinguished complex from real roots 
in the minimal polynomial diagram, for our purpose in this paper it can be verified that no 
useful information would arise. 

From the limiting diagrams for the characteristic and minimal polynomials in figures p] 
and 0, we substitute for each type of the characteristic and minimal polynomials the cor- 
responding Segre types taken from table |l| This gives rise to the two limiting diagrams 
given in figures |3] and |], respectively. We have not taken into account the character of 
the eigenvectors. Thus, for example, we represent the Segre types [(1,1)111] and [1,11(11)] 
by the set-type [(11)111] and the Segre types [(1,11) (11)] and [(1,1) (111)] by the set-type 
[(111)(11)]. The set-types [(11)1(11)] and [(111)11] are similarly introduced. 
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Figure 1: Limiting diagram for the characteristic polynomial in 5-D Lorentzian spaces. 
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Figure 2: Limiting diagram for the minimal polynomial in 5-D Lorentzian spaces. The types 
||221||, ||32||, ||22||, ||4|| and ||5|| are not shown since they do not correspond to any Segre 
type (see table [3]). 
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We can now collect together the information of the limiting diagrams of figures |3] and 
to finally draw a limiting diagram for the Segre types in 5-D, shown in figure [5[ Thus, for 
example, starting from the limiting diagram for the minimal polynomial (figure one finds 
that the Segre type [2111] may have as its limit the types [311], [11(111)] and [zzl(ll)]. 
However, from the diagram for the characteristic polynomial shown in figure [L] one finds 
that the Segre type [2111] cannot have the type [zzl(ll)] as its limit. So, we have only two 
arrows starting from the Segre type [2111], as it has been drawn in diagram [|. Although the 
other arrows in figure |5] can be similarly determined, we shall not discuss them here for the 
sake of brevity. 

To close this section we remark that again in the limiting diagram shown in figure [| the 
character of the eigenvectors is not taken into account. We shall return to this point in the 
next section. 

4 Conclusion 

In this work we have constructed a limiting diagram for the Segre classification of a second 
order symmetric two-tensor defined on 5-D Lorentzian spaces (figure |5|) . To achieve this goal 
we have essentially used the hereditary property ( |3.1|) together with the limiting diagrams 
for the characteristic and minimal polynomial types, which we have worked out in section |^. 

Improvements of the limiting diagram that we have presented in this article can still 
be tackled. A first refinement would arise by taking into account the character of the 
eigenvectors. To take into account the types which differ by the character of the eigenvectors 
one has firstly to separate the set-types into its two members, and check whether one of 
these members can have the other as its limits and vice-versa. Secondly, one needs to find 
out whether the Segre types which can have as limit one set-type can have a limit both 
members of the set. Finally, one ought to examine whether the Segre types which can be 
a limit of one set-type can be a limit of each member of the corresponding Segre set-type. 
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Figure 3: Diagram for the limits of Segre types of R\ in 5-D Lorentzian spaces according to 
the types of the characteristic polynomial. 
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Figure 4: Diagram for the limits of Segre types of R a b in 5-D Lorentzian spaces according to 
the type of the minimal polynomial. 

Perhaps most of these checkings can be made simply by extending to 5-D space-times the 
hereditary properties discussed in the context of GR |16[ . A second refinement of the limiting 
diagram shown in figure [| can be made by figuring out a criterion for separating the Segre 
types [2(111)] and [(21) (11)] , which have the same type for both characteristic and minimal 
polynomials. A third improvement of the limiting diagram given in figure [5| might arise if 
besides the type of the characteristic and minimal polynomials one considers the values of 
their roots. 

The limiting diagrams of the Petrov and the Segre classification play a fundamental role 
in the study of limits of space-times in general relativity |17, |18, [15| , as briefly discussed in 
the introduction. Although the coordinate-free technique for finding out limits of space-times 



in GR |L7j have not yet been extended to 5-D space-times, the limiting diagram studied in 
the present work will certainly be applicable to any coordinate-free approach to possible 
limits of non-vacuum space-times in five dimensions. 
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ure 5: Diagram for the limits of the Segre types of R a b in 5-D Lorentzian 
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